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Abstract
This paper is the continuation of a work initiated in [P. Sablonnière, An algorithm for the computation of Hermite–Padé approx-
imations to the exponential function: divided differences and Hermite–Padé forms. Numer. Algorithms 33 (2003) 443–452] about
the computation of Hermite–Padé forms (HPF) and associated Hermite–Padé approximants (HPA) to the exponential function. We
present an alternative algorithm for their computation, based on the representation of HPF in terms of integral remainders with
B-splines as Peano kernels. Using the good properties of discrete B-splines, this algorithm gives rise to a great variety of represen-
tations of HPF of higher orders in terms of HPF of lower orders, and in particular of classical Padé forms. We give some examples
illustrating this algorithm, in particular, another way of constructing quadratic HPF already described by different authors. Finally,
we brieﬂy study a family of cubic HPF.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction. Notations
This paper is the continuation of a work initiated in [21] about the computation of Hermite–Padé forms (HPF) and
associated Hermite–Padé approximants (HPA) to the exponential function (Algorithm 1). We present an alternative
algorithm (Algorithm 2) for their computation, based on the representation of HPF, which are divided differences of
the function t → exp(xt), in terms of integral remainders with B-splines as Peano kernels. Using the good properties
of discrete B-splines, this algorithm gives rise to a great variety of representations of HPF of higher orders in terms of
HPF of lower orders, and in particular of classical Padé forms. We give some examples illustrating this algorithm, in
particular, another way of constructing quadratic HPF already described by different authors (see, e.g., [3,4,7–9,25]).
We hope that the algorithm presented here, making simpler the effective computation of HPF, leads to new results
about the properties of themost interestingHPA to the exponential function, in particular, those allowing the computation
of the exponential of a matrix (see, e.g., [2,23,14]).
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According to Hermite [13] and Padé [17], given a sequence of m+1 natural numbers r={rk, 0km}, there exists
a sequence of polynomials {Ark (x)}, unique up to a multiplicative coefﬁcient, satisfying deg Ark (x)rk , such that
m∑
k=0
Ark (x)e
kx = O(xn+1) where n =
m∑
k=0
rk + m − 1.
The left-hand side is an HPF of degree m and order n of ex and will be denoted in this paper as
(Ar0 , Ar1 , . . . , Arm) or simply (r0/r1/ . . . /rm).
Some roots in X of the algebraic equation
m∑
k=0
Ark (x)X
k = 0
are HPA of degree m and order n of ex and they will be denoted generically by
[r0/r1/ . . . /rm].
For example, the classical (linear) Padé form of degree 1 and of order n = p + q
(p/q) = Pp(x) − Qq(x)ex = O(xp+q+1)
gives the rational Padé approximant
[p/q] = Pp(x)/Qq(x).
The quadratic HPF of order n = p + q + r + 1:
(p/q/r) = Ap(x) + Bq(x)ex + Cr(x)e2x = O(xn+1)
also give some interesting non-rational approximants of the exponential [10,11,16,18,19,21,22,24,27–29]. More
generally, one can deﬁne HPA of higher orders (see, e.g., [3,26,30]).
2. Hermite–Padé forms, divided differences and B-splines
For any vector r = (r0, r1, . . . , rm) ∈ Nm+1, let us denote by
Xr = {0(r0+1), 1(r1+1), . . . , m(rm+1)}
a sequence of n + 2 integer knots, where the notation k(rk+1) means that the knot k is counted with multiplicity rk + 1.
The divided difference of order n + 1, based upon Xr, of the function t → exp(xt) is denoted as
[Xr]ex• = [0(r0+1), 1(r1+1), . . . , m(rm+1)]ex•.
Similarly, the B-spline of degree n and support [0,m], having Xr as knot sequence, is deﬁned by
B(Xr |t) = m[Xr ](• − t)n+
(see, e.g., [6, Chapter 5]). The following theorem is central to this paper:
Theorem. Any HPF of degree m and order n of the exponential can be represented as follows:
(r0/r1/ . . . /rm) = [Xr]ex• = 1
m
xn+1
n!
∫ m
0
extB(Xr|t) dt .
Proof. The ﬁrst equality follows from the facts that for some 0< <m, [Xr]ex•=xn+1ex=O(xn+1) and that it is also
a linear combination of the derivatives Dkex•(j) = xkejx, 0krj , 0jm. It is also a by-product of Algorithm 1
in [21] which is based on induction on divided differences. The second equality results from the deﬁnition of B-splines
as Peano kernels of divided differences. 
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3. Discrete B-splines and Algorithm 2
Discrete B-splines allow to express B-splines on a partition in terms of B-splines on partitions ﬁner than the initial
one, thus allowing the expression of HPF of higher order in terms of HPF of lower order.
3.1. Discrete B-splines
Consider a sequence of knots ={1, . . . , n+k} and let t={t1, . . . , tm+k} (m>n) be a ﬁner sequence, i.e., a sequence
containing . Let S be the space of splines of degree k−1 (order k) generated by the n B-splines {Bi,k, 1 in} with
knots in . Similarly, let St be the space of splines of degree k − 1 generated by the m>n B-splines {B ′j,k, 1jm}
with knots in t. As S ⊂ St, each B-spline on the coarser mesh is a linear combination of B-splines on the ﬁner mesh,
i.e., we have
Bi,k =
m∑
j=1
i,k(j)B
′
j,k, 1 in.
The coefﬁcients i,k(j) are the discrete B-splines associated with the pair of partitions (, t). They can be computed as
follows (see [5, Theorem 2]):
i,1(j) = 1 for i tj < i+j and 0 otherwise.
Moreover, for k2, all i, j , and i+k > i
i,k(j) = tj+k−1 − i
i+k−1 − i i,k−1 +
i+k − tj+k−1
i+k − i+1 i+1,k−1,
with i,k(j) = 0 for i+k = i .
3.2. Algorithm 2
From this basic property, one can deduce the following general algorithm for the computation of HPF of higher orders
in terms of HPF of lower orders. Assume that we are given an HPF (r0/r1/ . . . /rm) = [Xr]ex• = (1/m)(xn+1/n!)∫ m
0 e
xtB(Xr|t) dt associated with the sequence of n + 2 multiple knots Xr = {0(r0+1), 1(r1+1), . . . , m(rm+1)} and the
B-spline B(Xr|t). The latter is one of the B-splines generating the space of splines of degree n associated with the
sequence of knots containing Xr as sequence of interior knots, taking into account the convenient multiplicities at the
endpoints 0 and m. If we increase the multiplicities of some interior knots, we create a new knot sequence Ys containing
Xr, i.e., ﬁner thanXr. Therefore, the B-splineB(Xr|t) is a linear combination of a ﬁnite number of B-splines (their knot
sequences are subsets of n+ 2 knots of Ys) whose coefﬁcients are discrete splines. These new B-splines are associated
with HPF of lower order than the initial HPF. Thus, the latter can be expressed as a linear combination of the new HPF
with discrete spline coefﬁcients. Example 2 (Section 4) illustrates this general algorithm. We now consider the case
when the ﬁner B-splines are Bernstein polynomials whose associated HPF are classical (linear) Padé forms.
3.3. HPF and classical Padé forms
Let us denote by
bni (t) =
n!
i!(n − i)! t
i (1 − t)n−i , 0 in,
the Bernstein basis of the space Pn of polynomials of degree n. These polynomials are B-splines with multiple knots
at 0 and 1. Therefore, the restriction of the B-spline B(Xr|t) to each interval [k, k + 1], 0km − 1, can be written
in the Bernstein basis of Pn in this interval:
B(Xr|t) =
n∑
i=0
k(Xr|i)bni (t − k),
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where the coefﬁcients k(Xr|i), 0 in, are the corresponding discrete B-splines. They can be computed by induction
with the help of Algorithm 2 above or, in that particular case, by using the SB-algorithm described in [20] (see also
[12,15]).
This allows to deduce the expression of polynomial coefﬁcients of HPF (r0/r1/ . . . /rm) as linear combinations of
numerators and denominators of classical Padé approximants. Using the normalization given in our previous paper
[21] for these approximants:
(p/q) := Pp(x) + Qq(x)ex = x
n+1
n!
∫ 1
0
extbnq(t) dt, n = p + q,
with
Pp(x) := (−1)
q+1
p!q!
p∑
i=0
(n − i)!
(p
i
)
xi, Qq(x) := (−1)
q
p!q!
q∑
j=0
(n − j)!
(
q
j
)
(−x)j ,
together with the local polynomial representations of B-splines given above, we deduce the following expressions for
the polynomial coefﬁcients of the HPF (with the convention −1 = m = 0):
Ark (x) =
1
m
n∑
i=0
(k−1(Xr|i)Qi(x) − k(Xr|i)Pn−i (x)).
3.4. Example 1: quadratic HPF
For the sequence of nodes
Xpqr = {0(p+1), 1(q+1), 2(r+1)}
it can be veriﬁed that the Bernstein coefﬁcients of the associated B-spline in each of the two intervals [0, 1] and [1, 2]
are, respectively, equal to
0(Xpqr |i) = 12i−1−q
(i − 1 − q)!
r!(i − 1 − q − r)!
for n − p in and 0 elsewhere, and to
1(Xpqr |i) = 12p+r−i
(p + r − i)!
p!(r − i)!
for 0 ir and 0 elsewhere.
Then, one can rather easily verify that the coefﬁcients of the quadratic HPF
(p/q/r) = Ap(x) + Bq(x)ex + Cr(x)e2x
whose expressions are, respectively,
Ap(x) = −12
n∑
i=0
0(Xpqr |i)Pn−i (x),
Bq(x) = 12
n∑
i=0
(0(Xpqr |i)Qi(x) − 1(Xpqr |i)Pn−i (x)),
Cr(x) = 12
n∑
i=0
1(Xpqr |i)Qi(x),
coincide, up to a multiplicative factor, with those given by Driver [7] and by Driver and Temme [8].
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4. Example 2: two different ways of computing a cubic HPF
Let us compute in two different ways the cubic HPF of order 5 deﬁned by
r = (0, 1, 1, 0) corresponding to Xr = {0, 1, 1, 2, 2, 3},
which is denoted
(0/1/1/0) = A0(x) + A1(x)X + A2(x)X2 + A3(x)X3,
where deg(A0)=deg A3=0; deg(A1)=deg A2=1. This form can be computed with the help of Algorithm 1 described
in [21]. As m = 3 and n = |r| + 2 = 4, we have
[Xr]ex• = 13
x5
4!
∫ 3
0
B(Xr)e
xt dt ,
where B(Xr) is the quartic B-spline with knots Xr and support [0, 3]. It is one of the B-splines of the nine-dimensional
spaceS4(Xr) of C2-quartic splines in [0, 3] with double knots at x = 1 and 2.
4.1. First method
In this section, we want to express the above cubic HPF as a linear combination of quadratic HPF and classical Padé
forms. For this purpose, we consider x = 2 as a knot of multiplicity 5 and we get the new knot sequence
Y = {0, 1, 1, 2, 2, 2, 2, 2, 3} ⊃ Xr = {0, 1, 1, 2, 2, 3}.
It is associated with the 12-dimensional spaceS4(Y ) of C0-quartic splines in [0, 3] with a double knot at x = 1 and
a knot of multiplicity 5 at x = 2. That space is generated by 12 B-splines and contains the preceding spaceS4(Xr).
Therefore, B := B(Xr) can be expressed as a linear combination of B-splines of S4(Y ). The sets of knots deﬁning
the latter are, respectively,
X1 := {0, 1, 1, 2, 2, 2}, X2 := {1, 1, 2, 2, 2, 2},
X3 := {1, 2, 2, 2, 2, 2}, X4 := {2, 2, 2, 2, 2, 3}.
Thus, B1(x) := B(X1|x) has support [0, 2], B2(x) := B(X2|x) and B3(x) := B(X3|x) are Bernstein polynomials in
[1, 2] and B4(x) := B(X4|x) is a Bernstein polynomial in [2, 3].
Let us use the above results in order to express the cubic HPF (0/1/1/0) in terms of a quadratic HPF and of some
(linear) Padé forms. By using Algorithm 2, one ﬁrst obtains:
B = B1 + 12B2 + 14 (B3 + B4).
Then, we use the following representations of quadratic HPF and Padé forms, obtained, e.g., by Algorithm 1 [21]:
2(0/1/2) = x
5
4!
∫ 2
0
B1(t)e
xt dt = −1
4
− 2(x + 2)X + 1
4
(2x2 − 10x + 17)X2,
(1/3)X = x
5
4!
∫ 2
1
B2(t)e
xt dt = (x + 4)X +
(
1
6
x3 − x2 + 3x − 4
)
X2,
(0/4)X = x
5
4!
∫ 2
1
B3(t)e
xt dt = −X +
(
1
24
x4 − 1
6
x3 + 1
2
x2 − x + 1
)
X2,
(4/0)X2 = x
5
4!
∫ 3
2
B4(t)e
xt dt = −
(
1
24
x4 + 1
6
x3 + 1
2
x2 + x + 1
)
X2 + X3,
from which we deduce:
(0/1/1/0) = − 112 − 14 (2x + 3)X − 14 (2x − 3)X2 + 112X3.
514 P. Sablonnière / Journal of Computational and Applied Mathematics 219 (2008) 509–517
4.2. Second method
In this section, we want to express the same cubic HPF as a linear combination of classical Padé forms. For this
purpose, we now consider both x = 1 and 2 as knots of multiplicity 5 and we get the new knot sequence
Z = {0, 1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 3} ⊃ Xr.
Z is associated with the 15-dimensional spaceS4(Z) of C0-quartic splines in [0, 3] with interior knots of multiplicity
5 at x=1, 2. It is generated by 15 B-splines {Bj (t), 1j15} and contains the preceding spaceS4(Xr). In fact, these
B-splines are Bernstein polynomials of degree 4 in each subinterval [k, k+1], k=0, 1, 2. The B-splineB(t) := B(Xr|t)
is expressed as a linear combination of B-splines {B5, . . . , B11} associated with the following sequences of knots:
X5 = {0, 1, 1, 1, 1, 1}, X6 = {1, 1, 1, 1, 1, 2}, X7 = {1, 1, 1, 1, 2, 2},
X8 = {1, 1, 1, 2, 2, 2}, X9 = {1, 1, 2, 2, 2, 2}, X10 = {1, 2, 2, 2, 2, 2},
X11 = {2, 2, 2, 2, 2, 3}.
Using Algorithm 2 or algorithm BS of [20], we obtain
B = B8 + 12 (B7 + B9) + 14 (B5 + B6 + B10 + B11).
Each B-spline is associated with a classical Padé form: we give their list below.
Let P2(x)= 12x2 + 3x + 6, P3(x)= 16x3 + x2 + 3x + 4, P4(x)= 124x4 + 16x3 + 12x2 + x + 1. Then the expressions
of Padé forms of order 4 are the following:
x5
4!
∫ 1
0
B5(t)e
xt dt = (0/4) = −1 + P4(−x)X,
x5
4!
∫ 2
1
B6(t)e
xt dt = (4/0)X = −P4(x)X + X2,
x5
4!
∫ 2
1
B7(t)e
xt dt = (3/1)X = P3(x)X + (x − 4)X2,
x5
4!
∫ 2
1
B8(t)e
xt dt = (2/2)X = −P2(x)X + P2(−x)X2,
x5
4!
∫ 2
1
B9(t)e
xt dt = (1/3)X = (x + 4)X + P3(−x)X2,
x5
4!
∫ 2
1
B10(t)e
xt dt = (0/4)X = −X + P4(−x)X2,
x5
4!
∫ 2
1
B11(t)e
xt dt = (4/0)X2 = −P4(x)X2 + X3.
From the above decomposition of B into the linear combination of Bernstein polynomials, we ﬁnally deduce the
cubic HPF:
(0/1/1/0) = 13 ((2/2)X + 12 ((3/1) + (1/3))X + 14 (1 + X)((0/4) + (4/0)X))
= 112 (−1 − 3(2x + 3)X − 3(2x − 3)X2 + X3).
We thus (fortunately) obtain the same result as in the ﬁrst method.
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5. Cubic HPF of type (0/m/m/0)
Numerical experiments lead to the study of the interesting family of cubic HPF (0/m/m/0) for m ∈ N. This form
is associated with the sequence of knots (notations of Section 2):
Xm := [ 0, 1(m+1), 2(m+1), 3 ]
and the corresponding B-spline B(Xm, t) is of degree 2m + 2. The Bernstein basis of P2m+2 in each of the three
intervals [0, 1], [1, 2] and [2, 3] is obtained by taking B-splines with knots of multiplicity 2m + 3 at the four points
{0, 1, 2, 3}, in particular, at the two interior points t = 1 and 2. Therefore, B(Xm, t) is a linear combination of 2m + 5
Bernstein polynomials ranging from B1(t) := B([0, 1(2m+3)], t) to B2m+5(t) := B([2(2m+3), 3], t) through the 2m+2
polynomials Bi+1(t) := B([1(2m+3−i), 2(i)], t), 1 i2m+ 3 of the Bernstein basis of P2m+2 on the central interval.
By using Algorithm 1 or 2, it is not hard to prove that this linear combination is the following:
B(Xm, t) = Bm+3(t) + 12 (Bm+2(t) + Bm+4(t)) +
1
4
(Bm+1(t) + Bm+5(t)) + · · ·
+ 1
2m+1
(B2(t) + B2m+4(t)) + 12m+1 (B1(t) + B2m+5(t)).
This implies that the HPF (0/m/m/0) is the linear combination of the 2m + 5 Padé forms
(0/m/m/0) = (m + 1/m + 1)X + 1
2
((m/m + 2) + (m + 2/m))X + 1
4
((m − 1/m + 3) + (m + 3/m − 1))
× X + · · · + 1
2m+1
((0/2m + 2) + (2m + 2/0))X + 1
2m+1
((0/2m + 2) + (2m + 2/0)X2).
Writing the linear Padé form as (p/q) = Pp(x) + Qq(x)X, we obtain the cubic HPF
2m+1(0/m/m/0) = P0(x) + Am,1(x)X + Am,2(x)X2 + Q0(x)X3,
where Am,1(x) and Am,2(x) are the following polynomials of degree m:
Am,1 = 2m+1Qm+2 +
(
P0 + 2P1 + · · · + 2m+1Pm+1 + · · · + 2P2m+1 + P2m+2
)
,
Am,2 = 2m+1Pm+2 +
(
Q0 + 2Q1 + · · · + 2m+1Qm+1 + · · · + 2Q2m+1 + Q2m+2
)
.
Example 3. Let us compute the HPF 8(0/2/2/0) = P0 + A2,1X + A2,1X2 + Q0X3.
We have, respectively:
A2,1 = 8Q6 + (P0 + 2P1 + 4P2 + 8P3 + 4P4 + 2P5 + P6),
A2,2 = 8P6 + (Q0 + 2Q1 + 4Q2 + 8Q3 + 4Q4 + 2Q5 + Q6),
where the numerators and denominators of the Padé approximant Pp(x)/Qq(x), with p + q = 6 are, respectively,
Pp(x) = −
p∑
i=0
(
6 − i
p − i
)
xi
i! , Qq(x) =
q∑
j=0
(
6 − j
q − j
)
(−x)j
j ! .
As Qq(−x) = −Pq(x), it is easy to see that A2,2(x) = −A2,1(−x) (and more generally that Am,2(x) = −Am,1(−x)
for all m1). After simpliﬁcation, we obtain the cubic HPF
8(0/2/2/0) = −1 + (6x2 + 30x + 63)X − (6x2 − 30x + 63)X2 + X3.
For x = 1, the cubic equation −1 + 99X − 39X2 + X3 = 0 has three real zeros, one of which is close to e, the error
being e − [0/2/2/0] ≈ −2.5 × 10−4. The following table gives the errors between the exact value and approximate
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values of e given by the HPA [0/m/m/0], for various values of m, at the point x=1 (the corresponding cubic equations
are listed below).
m 1 2 3 4 5
e − [0/m/m/0] 2.0(−2) 2.5(−4) 8.9(−7) −2.3(−9) 4.1(−12)
(0/1/1/0)(1) = −1 − 15X + 3X2 + X3, (0/5/5/0)(1) = −1 − (172839/5)X + (63571/5)X2 + X3,
(0/3/3/0)(1) = −1 − 673X + 245X2 + X3, (0/4/4/0)(1) = −1 + 4769X − 1757X2 + X3.
6. Extensions to other special functions
As was suggested to me some time ago by Beckermann [1], it is possible to extend the preceding results to other
families of functions, in particular to some classes of hypergeometric functions (see also [16,22]). Indeed, the results
obtained above essentially rely on the property that the exponential function satisﬁes the relation Dext = xext (here
and in the following, the derivation is taken with respect to t). Another interesting example is provided by the function
f (x, t) = (1 + x)t = exp(t ln(1 + x)),
which satisﬁes
Dkf (x, t) = (ln(1 + x))kf (x, t),
from which we can deduce, with the notations of [21, Theorem 2] and of the theorem in Section 2 of the present paper:
[Xr]f (x, •) = 1
m
1
n!
∫ m
0
B(Xr|t)Dn+1f (x, t) dt = 1
m
1
n! (ln(1 + x))
n+1
∫ m
0
B(Xr|t)f (x, t) dt .
As the right-hand side is a O(xn+1), the form [Xr]f (x, •) is a linear combination of some powers of ln(1+x) depending
on the multiplicity of knots in the sequence Xr. So, we get an HPF of the function ln(1+x) which can be computed by
using the properties of B-splines and Bernstein polynomials developed in this paper. However, the situation is different
from that of the exponential. The order n is deﬁned in the same way, but the degree m of the HPF is now deﬁned by
m + 1 = max{rk, 0km}. The same formalism is also valid for speciﬁc types of hypergeometric functions.
It would be also interesting to study the applications of this method to HPA of type II to the exponential function (or
more general ones).
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